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Abstract
We computed the statistical entropy of nonextremal 4D and extremal 5D Calabi-
Yau black holes and found exact agreement with the Bekenstein-Hawking entropy.
The computation is based on the fact that the near-horizon geometry of equivalent
representations contains as a factor the Ban˜ados-Teitelboim-Zanelli black hole and
on subsequent use of Strominger’s proposal generalizing the statistical count of
microstates of the BTZ black hole due to Carlip.
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1 Introduction
The calculation of the statistical entropy of black holes by reducing the problem to the
counting of microstates of the Ban˜ados-Teitelboim-Zanelli (BTZ) black hole [1] has re-
cently attracted the attention of many researchers. A fundamental step was taken by
Strominger [2] who realized that the microscopic calculation of the entropy of the BTZ
black hole due to Carlip [3] can be performed equally well for any black hole whose
near-horizon geometry contains an asymptotically AdS3 region. This proposal is a gener-
alization of a result obtained in [4] where using the fact that some solutions of type IIA
can be related via U-duality to 4D (5D) black holes and to the product of BTZ ×S2(S3)
[5], a microscopical count of the entropy of some black holes was performed. Strominger’s
proposal has already been successfully applied to provide a microscopical interpretation
for the entropy of several black holes [6, 7, 8, 9, 10, 11]. One of the most important
features of this recent approach is that it does not rely on supersymmetry and can be
applied to any consistent quantum theory of gravity. This provides the possibility of
microscopically calculating the entropy of not only BPS and near-BPS black holes, as in
the D-brane approach, but of black holes arbitrarily away from extremality, as shown in
[4]. In the light of this advantage it is natural to apply the near-horizon approach to N=2
black holes for which the brane explanation can break down due to loop corrections as
opposed to the N=4 and N=8 black holes for which supersymmetry protects the counting.
The study of N=2 black holes was pioneered in the works [12] where some interesting
observations were made about the structure of the moduli and where a way to construct
explicit solutions was opened. This approach provided the basis of many subsequent
investigations where extremal BPS solutions were constructed (see [13] and references
therein). Recently [14] a rigorous derivation, accounting for tree-level and loop corrections,
of the microscopic entropy of N=2 black holes was given. This latter description relies on
the M-brane content of the black holes. The M-theory interpretation of these N=2 black
holes has also proved useful in the construction of the nonextremal solutions [15, 16]. The
nonextremal ansatz proposed in [15] is based on the fact that N=2 extremal black holes are
solutions of M-theory compactification on CY3×S1 and are microscopically represented as
three types of M5-branes wrapping four-cycles in CY3 and S
1. This suggested that for the
nonextremal solution an analogy with nonextremal black holes of toroidally compactified
M-theory [17] could also work. Still, the boost parameters characterizing the nonextremal
solutions must be subject to certain constraints and explicit solutions were found only
for a very restricted class of N=2 string vacua. A refinement of this construction was
proposed in [16] where it was shown that the ansatz goes through the equations of motion
in the near-horizon region and is valid only to near-BPS saturated black holes. This is a
sufficient condition to apply Strominger’s proposal which concentrates on the near-horizon
region.
In this paper we apply Strominger’s proposal to provide a microscopic interpretation
of the Bekenstein-Hawking entropy of nonextremal 4D [15, 16] and extremal 5D Calabi-
Yau black holes [19] in terms of the entropy of the BTZ black hole that enters as a factor
in the near-horizon geometry of some of the representations of the considered black holes.
Exact agreement is found in both cases.
2
2 Calabi-Yau Black Holes
2.1 Nonextremal 4D solution
The N=2 supergravity action in D=4 includes in addition to the graviton multiplet, nv
vector multiplets and nh hypermultiplets. The hypermultiplet fields can be consistently
taken to be constant leaving one with the following action
S =
1
32πG4
∫ √−g d4x[R− 2gAB¯∂µzA∂µz¯B − 14F Iµν(⋆GI)µν
]
, (1)
with the gauge field GI µν given by
GI µν = ReNIJF Jµν − ImNIJ⋆F Jµν , (2)
and I, J = 0, 1....nv. The complex scalar fields z
A (A = 1..nv) parametrize a special
Ka¨hler manifold with metric gAB¯ = ∂A∂B¯K(z, z¯), where K(z, z¯) is the Ka¨hler potential.
Both, the gauge field coupling and the Ka¨hler potential are expressed in terms of the
holomorphic prepotential F (X)
e−K = i(X¯IFI −XIF¯I)
NIJ = F¯IJ + 2i(ImFILX
L)(ImFJMX
M)
ImFMNXMXN
, (3)
with FI =
∂F (X)
∂XI
and FMN =
∂2F (X)
∂XM∂XN
. The scalar fields zA are defined by
zA =
XA
X0
. (4)
Throughout the paper we will consider the following prepotential
F (X) =
dABCX
AXBXC
X0
, (5)
where dABC are the topological intersection numbers of the Calabi-Yau manifold. The
ansatz discussed in [15, 16] is the following
ds2 = −e−2Ufdt2 + e2U
(
f−1dr2 + r2dΩ2
)
e2U =
√
H0dABCHAHBHC
f = 1− µ
r
zA = iHAH0e
−2U , HA = hA
(
1 +
µ
r
sinh2 γA
)
A0t =
rH˜ ′0
h0H0
, ACϕ = r
2 cos θ H˜C
′
H˜A = hA
(
1 +
µ
r
cosh γA sinh γA
)
H0 = h0
(
1 +
µ
r
sinh2 γ0
)
, H˜0 = h0
(
1 +
µ
r
cosh γ0 sinh γ0
)
(6)
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where prime denotes derivation respect to r. The nonzero components of the gauge field
strengths are
F 0tr =
H˜ ′0
H20
, FAϕθ = r
2 sin θH˜A
′
. (7)
As was already said, this ansatz is restricted to the solution of certain conditions on
NAB that influence the values of γ′s [15]. In the approach of [16] the technical restriction
on NAB is traded to restricting the solution to the near-horizon region and the final form
of the solution describes a near-extremal solution. The Bekenstein-Hawking entropy of
this 4D solution is
S =
πµ2
G4
√
h0 cosh
2 γ0dABChA cosh
2 γAhB cosh
2 γBhC cosh
2 γC , (8)
and the asymptotic flatness condition is h0dABCh
AhBhC = 1.
2.2 Extremal 5D solution
The N=2 D=5 supersymmetric Lagrangian describing the coupling of vector multiplets
to supergravity is determined by one function which is given by the intersection form on
a CY3:
V = dIJKXIXJXK . (9)
The bosonic action is 1
e−1L = −1
2
R− 1
4
GIJFµν
IF µνJ − 1
2
gij∂µφ
i∂µφj +
e−1
8
ǫµνρσλdIJKF
I
µνF
J
ρσA
K
λ (10)
where R is the scalar curvature, F Iµν = 2∂[µA
I
ν] is the Maxwell field-strength tensor and
e =
√−g is the determinant of the Fu¨nfbein eνµ. The fields XI = XI(φ) are the special
coordinates satisfying
XIXI = 1, dIJKX
IXJXK = 1 (11)
where, XI , the dual coordinate is defined by,
XI = dIJKX
JXK . (12)
The moduli-dependent gauge coupling metric is related to the prepotential via the
relation
GIJ = −1
2
∂
∂XI
∂
∂XJ
(lnV)|V=1 (13)
The metric gij is given by
gij = GIJ∂iX
I∂jX
J |V=1; (∂i ≡ ∂
∂φi
) (14)
Here we will consider the static spherically symmetric BPS black hole solution of
N=2 supergravity in D=5 [19] all other solutions are particular cases of this one. In [19]
1For the complete action, including the fermionic part, see for example [18]
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an electrically charged BPS solutions of supergravity coupled to an arbitrary number of
vector multiplets was constructed. The metric is of the form
ds2 = −e−4Udt2 + e2U(dr2 + dΩ23). (15)
Again our main interest is in the form of the solution in the near-horizon region. Here the
general principle established in [12] that allows one to compute the area of the horizons
of N=2 extremal black holes as an extremum of the central charge is enough to obtain
the near-horizon geometry of the solution. Namely
e2U |hor = 1
3
XAHA|hor = 1
3
XA|hor qA
r2
=
Z0
3r2
, (16)
here Z = qAX
A is the central charge of the superalgebra and Z0 its value at the horizon.
This way, the near-horizon geometry is
ds2 = −(1 + Z0
3r2
)−2dt2 + (1 +
Z0
3r2
)(dr2 + r2dΩ23) (17)
If the value of the moduli at the horizon can be consistently kept fixed throughout the
spacetime, as is the case in some 4D solutions, then the obtained metric is the double-
extreme black hole solution [18]. The Bekenstein-Hawking entropy is
S =
π2
2G5
(
Z0
3
) 3
2
(18)
3 Statistical Entropy
To relate the Bekenstein-Hawking entropy of the black holes reviewed in the previous
section to the counting based in the BTZ black hole entropy it is necessary to show that
in an equivalent representation the near-horizon geometries contain a BTZ black hole as
a factor. For the nonextremal 4D and extremal 5D black hole we consider here the corre-
sponding representations are as in [4], for the 4D black hole we find a 5D representation
whose near horizon region takes the form BTZ×S2 and for the 5D black hole BTZ×S3.
3.1 Statistical entropy of 4D black holes
To relate the 4D Calabi-Yau black hole of the previous section to the BTZ it is convenient
to start with the following 5D metric
ds25 =
(
h0dABCH
AHBHC
)−1
(−dt2 + dy2 + µ
r
(cosh γ0dt + sinh γ0dy)
2)
+
(
h0dABCH
AHBHC
)2/3
(
dr2
1− µ
r
+ r2dΩ22) (19)
Upon compactification over the compact direction y one obtains the metric of the
nonextremal ansatz (6). This metric is the direct generalization to the Calabi-Yau case
of the toroidal compactification of three M5-branes that intersect orthogonally over a
common string that carries momentum [17]. As a solution of M-theory this metric must
have an 11D lifting, a nice fact noted in [7] is that the 6D part of the 11D M-theory
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solution decouples and then one can consider the 5D part as a solution of compactifica-
tion on either a T 6 or a CY3. To see that this is indeed true it suffices to check that
upon compactification over the 6D part (following the notation of [17]) it amounts to
(F1F2F3)
−
2
3
6(F2F3)
2(F1F3)
2(F1F2)
2 = 1 as a factor of the 5D metric. The near-horizon
region is r → 0 or more exactly
µhα sinh
2 γα
r
>> 1 (20)
for any α = 0, A. In this region, defining
l = 2(h0dABCp
ApBpC)1/3 (21)
with pA = µhA sinh2 γA, we have
ds25 =
2r
l
(
−dt2 + µ
r
(cosh γ0dt+ sinh γ0dy)
2
)
+
l2
4r2(1− µ
r
)
dr2 +
l2
4
dΩ22, (22)
where it is explicitly shown that the near-horizon region includes a factor S2. To check
that the remaining three-dimensional part is a BTZ black hole, it is useful to make the
following change of variables which follows [4] and [7]
τ =
l
R
t, φ =
1
R
y ρ2 =
2R2
l
(r + µ sinh2 γ0), (23)
where R is the compactification radius of y. In these variables the 5D metric is:
ds25 = ds
2
BTZ +
l2
4
dΩ22
dsBTZ = −N2dτ 2 + ρ2(dφ+Nφdτ)2 +N−2dρ2
N2 =
ρ2
l2
+
µ2R4 sinh2 2γ0
ρ2l4
− 2µR
2 cosh 2γ0
l3
Nφ =
µR2 sinh 2γ0
ρ2l2
(24)
The geometry of the BTZ black hole is described in [1] from where we find that the mass
and the angular momentum are
MBTZ =
2µR2 cosh 2γ0
l3
JBTZ =
µR2 sinh 2γ0
4G3l2
. (25)
To relate the 3D Newton’s constant to the 4D one we can follow for example [7, 9], where
the only ingredients needed are the fact that the Ricci scalar in BTZ × S2 decompose as
the sum of the Ricci scalar of each factor and that the 5D action can be written in terms
of the 4D Newton’s constant. The final result is
G3 = G4
2R
l2
(26)
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To provide a statistical explanation for the entropy of black holes one always needs a
central charge. The relevant central charge for the BTZ black hole was initially found in
[20] where it was obtained as the central charge of the Virasoro algebra of the conformal
field theory generated by the algebra of diffeomophisms of asymptotically AdS3 spaces.
As was already pointed in [9], to move from a BTZ geometry to an asymptotically AdS3
one needs to go to the region of large r and therefore moves away from the initial near-
horizon geometry. A more appropriate approach is the one of [21] where the same central
charge is obtained from the algebra of global charges and it can be found for any value of
the radius. In either approach the central charge is
c =
3l
2G3
. (27)
The zero modes of the Virasoro generators are related to the mass and angular momentum
of the BTZ black hole as (see second reference in [1])
MBTZ =
8G3
l
(L0 + L¯0)
JBTZ = L0 − L¯0. (28)
Now using Cardy’s formula for the degeneration of states in a conformal field theory of
given central charge an oscillator levels one finds
S = 2π
(√
cnR
6
+
√
cnL
6
)
=
π
4G3
(√
l(lMBTZ + 8G3JBTZ) +
√
l(lMBTZ − 8G3JBTZ)
)
, (29)
Inserting (25) and (26) we obtain the following entropy
S =
πµ2
G4
√
h0 cosh
2 γ0dABChA sinh
2 γAhB sinh
2 γBhC sinh
2 γC (30)
which coincides with the geometrical entropy of the nonextremal 4D Calabi-Yau black
hole (8) for any value of γ0 and for large values of γI which means, in physical terms,
for any electric charge and for large magnetic charges. In the brane picture this is the so
called dilute gas regime γI >> 1 [22]. This way one finds that in this limit the Bekenstein-
Hawking entropy of this black hole can be given a statistical interpretation in terms of
the degrees of freedom associated with the conformal theory of the BTZ black hole.
3.2 Statistical entropy of 5D black holes
The ideology to solve this problem for the extremal N=2 D=5 black holes is exactly the
same as for the 4D black holes and therefore most of the details are omitted. Before
writing a 6D metric which upon compactification on one compact dimension gives the
5D black hole metric (17) let us consider the candidates obtained from analogy with
toroidal compactifications of M-theory. The 5D black hole in toroidal compactifications
of M-theory can be obtained as compactification of two M-theory configurations: three
orthogonally intersecting M2-branes and a M2-brane orthogonally intersecting a M5-brane
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(see [17] and [23] for a detailed analysis). The technical reason for which the three M2-
brane picture can not be used to obtain the statistical entropy of the three-charge 5D
black hole is that it is not necessary to introduce a boost between time and a compact
coordinate. This boost is what determine the AdS3 geometry that we need to be able to
apply Strominger’s proposal. To justify the use of the 2 ⊥ 5 picture we still need to prove
that the 5D part that lifts the 6D metric to a solution of M-theory decouples as was the
case in the 4D case. The metric of the configuration of a M2 intersecting a M5 with a
boost along the common string is [17, 23]
ds211 = T
2/3F 1/3(−K−1fdt2 +Kdˆy21) + T−1/3F−2/3
(
f−1dr2 + r2dΩ23
)
+ T 2/3F−2/3dy22 + T
−1/3F 1/3(dy23 + dy
2
4 + dy
2
5 + dy
2
6), (31)
with f = 1 − µ2/r2 and T−1, F−1 harmonic functions. It can be seen that in the limit
we are interested in, all charges equal (17), the 5D part described by (y2, y3, y4, y5, y6)
decouples, in fact this part decouples for any 5D black hole having two equal charges
(F = T ). Thus we conclude that the 6D metric that upon compactification gives the
5D black hole (17) can be lifted as a solution of M-theory. In the conclusions we will
comment of what may be the relation of this 6D solution to the actual compactification
of M-theory on CY3 we are considering. The 6D metric which upon compactification over
the compact direction y gives the 5D black hole metric (17) is
ds26 = T
(
−dt2 + dy2 + µ
2
r2
(cosh σdt+ sinh σdy)2
)
+ T−1
(
dr2
f
+ r2dΩ23
)
. (32)
It is still necessary to put
T−1 = 1 +
Z0
3r2
, (33)
and take the limit: µ2 → 0, σ → ∞ with µ2 sinh2 σ → Z0/3. Performing the change of
variable
ρ2 =
R2
l2
(r2 + µ2 sinh2 σ) φ =
y
R
τ =
l
R
t, (34)
with R the compactification radius and taking l = (Z0/3)
1/2 one find that the 6D metric
can be written as
ds25 = ds
2
BTZ +
l2
4
dΩ23
dsBTZ = −N2dτ 2 + ρ2(dφ+Nφdτ)2 +N−2dρ2
N2 =
ρ2
l2
+
µ4R4 sinh2 2σ
4ρ2l6
− µ
2R2 cosh 2σ
l4
Nφ =
µ2R2 sinh 2σ
2ρ2l3
. (35)
The mass and angular momentum of this solution are
MBTZ =
µ2R2 cosh 2σ
l4
JBTZ =
µ2R2 sinh 2σ
8G3l3
. (36)
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The relation between the Newton’s constants is
1
G3
=
1
G5
πl3
R
. (37)
Using (36), (37) and (29) the statistical entropy is
S =
π2
2G5
l2µ cosh σ, (38)
which coincides with the entropy (18 in the limit of large σ, which is indeed needed to
obtain the extremal limit.
4 Conclusions
Here it has been shown that the Bekenstein-Hawking entropy of Calabi-Yau black holes
can be given a statistical interpretation using Strominger’s proposal. For the 4D black
hole the nonextremal case was considered for an ansatz that is more general than the
actual black hole metric. As shown in [15, 16] some other conditions most be included
that restrict the ansatz. Exact agreement was found in the ”dilute gas” regime or more
precisely for large values of the magnetic charges and arbitrary values of the electric
charge. In the 5D case the extremal solution was treated using the general form of the
near-horizon metric presented in [19] and based on the beautiful results of [12]. Hopefully
for the nonextremal 5D black holes a counting similar to the one carried here for the 4D
could be performed, still some work is needed to consistently find the explicit form of the
5D nonextremal Calabi-Yau black holes. In the present work one step has been made
in this direction noting that the M-brane picture that is consistent with the counting
of the microstate selects the microscopic content of the black hole as a bound state of
M2 and M5-branes and not that of only M2-branes. It could also be conjectured that a
twelve-dimensional theory may be of importance in the construction of nonextremal 5D
black holes since in the counting use was made of a theory of that has a S1 factor and
upon compactification on it yields the 5D black hole. The 5D black hole in the picture
used in this paper seems to be a solution of a twelve-dimensional theory compactified on
a CY3×S1. Another sensible picture is that of M-theory compactified on a CY3 that can
effectively be described as having a S1 factor.
Since N=2 black holes receive quantum corrections it is worth explaining to what
extend this microscopic counting could include them. Unfortunately a rigorous statistical
explanation of the quantum corrections as presented in [14] does not seem to be available
in this picture. Still, it is worth noting that certain quantum corrections can be included
in the approach used in this paper. Namely those that preserve the polynomial degree of
three of the prepotential. One example of this type of quantum corrections was presented
in [24] and has the form
dABCH
AHBHC = H1H2H3 + a(H3)3. (39)
The metric for this quantum corrected solution is
g200 = 4(h0 +
q0
r
)
(
(h1 +
p1
r
)(h2 +
p2
r
)(h3 +
p3
r
) + a(h3 +
p3
r
)3
)
, (40)
redefining l in (21) one can consistently include this quantum correction to the geometric
entropy in the statistical description presented here.
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